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Abstract 
Tolerance greatly influences the quality, process planning, measurement, cost, and assembly of products. How to use an effective method to 
interpret tolerance semantics is becoming more and more important. Traditional directed graph theory cannot interpret the assembly 
relationship clearly. This paper presents an assembly tolerance modeling method based on generalized directed graph. The construction process 
of tolerance model, reference frame and key features related to geometric shape and dimension were defined. Then assembly tolerance 
relationship between key features by generalized directed graph was described and a unit vector was used to represent assembly tolerance 
model. The elements of the vectors denote the assembly relationship between function vertexes. Therefore, generalized chain and generalized 
adjacent matrix were defined, all of which formed the concept of generalized directed graph. The assembly tolerance model structure was 
formalized by generalized adjacent matrix. Finally, the effectiveness of the proposed method is tested using an example. The result indicates 
that the method is a reasonable way to interpret the assembly tolerance semantics and the proposed method has very important applications for 
assembly plan. 
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the organizing committee of 13th CIRP conference on Computer Aided Tolerancing. 
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1. Introduction 
Tolerance is ubiquitous during the whole product cycle 
and imperative for seamless integration of CAD and CAM. 
The tolerance system is presented with its design principle, 
system architecture and key functions based on the 
mathematical definition of tolerance. The following functional 
modules, tolerance model, semantics interpretation and 3D 
tolerance analysis are described in detail. To make the 
tolerance system robust and efficient, many techniques such 
as hierarchical tolerance representation, rule-based evaluation 
and non-intersection determination of tolerance zone have 
been devised [1-3].  
Irani published an automated graph theoretic technique for 
manufacturing tolerance analysis. He represented 
manufacturing operations as edges in a directed graph, which 
are connected at their nodes (representing datum and 
machined surfaces) to model a process sequence. Graph 
algorithms are used to identify the tolerance chains [4]. The 
method is inefficient because it generates cyclic graphs and it 
is difficult to apply in practice because each machining 
surface is not explicitly identified. Britton developed a rooted 
(datum-hierarchy) tree technique that overcomes this problem. 
Acyclic (rooted) tree representations of process plans are 
generated by uniquely identifying each machined surface [5-
7]. The technique has been applied to the process planning of 
prismatic parts and incorporated in an interactive, industrial 
software program, the process planning of rotational parts. 
For details about tolerance charting and other graph theoretic 
methods for manufacturing refer to Britton. Graph theoretic 
methods are applicable to lumped or distributed, linear or 
non-linear, scalar or vector, deterministic or probabilistic, and 
continuous or discrete time systems [8]. They have been 
applied to a wide variety of engineering problem, include 
electrical, mechanical, hydraulic, magnetic, structural and 
thermal systems, and combinations of these systems. It has 
also been proposed in which tolerance zones were established, 
taking into account the effects of datum features, datum 
precedence, and material modifiers [9-11]. However, the 
kinematic model has proved to be too complex to use. Using a 
combination of kinematic joints, Chase put forward an 
improved kinematic method in which the geometric variations 
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caused by tolerances are estimated using combinations of 
kinematic joints. The DOF model was developed by several 
research groups. Clement proposed the concept of an 
elementary surface and classified these surfaces into seven 
types, called TTRS [12-15]. Scholars at home and abroad 
have researched the tolerance in using generalized directed 
graph. 
The methods above mainly studied the part geometry and 
size changes in quantity based on directed graph, but did not 
describe the geometric shape, size changes, benchmark and 
change direction. But it could not establish the dimension, 
form and position assembly tolerance model. Therefore, this 
paper a method based on directed graph of the assembly 
tolerance said is proposed. It analyzes the geometric shape 
and size changes of benchmark, changing direction and 
quantity value.  
2. Generalized directed graph 
2.1. Basic concepts 
Definition1: Basic feature. Basic feature is constituted by 
some basic geometric features of components, including 
points, lines and surface. In order to describe the relationship 
among basic features, generalized directed graph is used in 
paper. In the directed graph, the tail of the arrow   shows the 
benchmark and the head shows the tolerance limit or the 
characteristics of assembly constraints.  
Definition 2: Key feature. Key feature is a geometric 
feature related to tolerance and assembly constraint. It will be 
the datum of tolerance or assembly constraint. The key parts 
is a great influence parts on the geometric features, which is 
the main tolerance designing object. The designer and 
engineer will focus on the parts. 
Definition 3: Reference frame. Reference frame is used to 
express the feature’s variation direction restricted by tolerance 
or assembly constraints. The directions of coordinate axis and 
variation directions of geometry and dimension are in the 
same direction as much as possible. 
Definition 4: Geometrical functional requirement (GFR). 
GFR is defined to describe the distance and angle of actual 
function between two geometric elements, or the geometrical 
factor (DRF) relative to a benchmark reference frame 
orientation (direction and location) in the assembly (or sub-
assembly ),which is determined by designers in the product 
design function of analysis method . 
Definition 5: Assembly node. Assembly node refers to 
two assembly parts contact/cooperate with each other on the 
two characteristics of the assembly surface connection nodes; 
Assembly location node refers to the parts in the assembly 
process geometry precision of orientation relationship, 
transmission assembly node; Fastening/support node refers 
only to tighten or support functions, which do not pass the 
fitting nodes of geometric accuracy.  
Definition 6: Basic components. It is a key component at 
the beginning of assembly sequence, the other parts turn to the 
base assembly according to the assembly sequence; The 
ending parts are the key parts in the end of the assembly 
sequence. M is the subject value and y is the quality features 
of the product. 
2.2. The shortages of traditional graph theory 
Traditional graph theory has developed a powerful 
mathematical tool in solving of large complex problems that 
arise in the study of engineering problem. A finite graph 
consists of two sets: a finite set of elements called vertices and 
a finite set of elements called edges. Each edge is identified 
with a pair of vertices. If the edges of a graph are identified 
with ordered pairs of vertices, then the graph is called a 
directed graph. 
Tolerance information expression using traditional graph 
theory is an effective method. However, the traditional graph 
theory has some shortages. Firstly, tolerance information 
includes not only geometry and dimension variation, but also 
variation direction and value. Traditional graph theory can’t 
express all tolerance information. It only expresses the 
information between two features. Secondly, tolerance 
information is complex. It must express the explicit 
relationship among key features. Therefore, traditional graph 
theory needed to be extended in order to express the tolerance 
information. So the generalized directed graph is proposed in 
this paper. 
2.3. The advantages of generalized directed graph 
The generalized directed graph presents the tolerance with 
a group of five elements. Firstly, defining the key feature 
parts of reference frame related to the geometry shape and 
size parts ˈ and the tolerance relationship between the 
assembly parts. The second step is to use the edge of graph to 
describe the key characteristics between the tolerance 
relations. The third step is to expresses the change direction 
with a unit vector tolerance, to realize the directed graph 
representation of tolerance; Finally realizing calculation based 
on the figure of the model to build the parts assembly 
tolerance model. 
     An extended datum-hierarchy directed graph method for 
assembly process is presented, which incorporates the concept 
of an ideal process plan and process planning efficiency 
measures for surfaces that require more than one finishing 
operation.  
 
Fig. 1: Key features of the theoretical framework 
     Fig.1 shows how to generate process plans from design 
dimension. It introduces the applicability and practicality of 
directed graph theoretic methods in design, engineering 
tolerance analysis. The Part 2 reverses the process and shows 
how knowledge the datum hierarchy tree structure that can be 
used to guide part dimension. The generalized directed graph 
can be presented as a datum-hierarchy tree (Fig.2). Among 
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that A, B and C are size reference respectively, each node in 
the tree represents a datum and/or a machined surface. Nodes 
can also be represented other kinds of geometric entities, a 
point (as an arc center) and a line (as a hole or shaft axis) for 
example. We will refer to nodes as surfaces as most are. The 
edges of the tree represent machining dimensions and also 
operations for convenience. The distance between any two 
nodes in this tree is a dimension, either or the working 
dimension, a stock removal allowance, a balance dimension 
or a resultant dimension. 
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Fig. 2: A design with its dimension tree 
3. Representation of tolerance primitive 
3.1. The definition of tolerance semantics 
A mathematical definition is developed for tolerances 
model based on the point that determines the tolerance zone. 
The semantics of different types of tolerance with same 
tolerance zone can be considered according to this definition. 
Generally, the tolerance zone has four basic attributes: size, 
form, position and orientation. Among all the attributes, the 
size is specified by the designer and all the possible forms are 
determinate. Therefore, the essence of tolerance semantics is 
mainly represented by the characteristics of the position and 
orientation of tolerance zone. Due to the including geometry 
and size changes, the changing direction and value, the 
information of tolerance which is related to the geometric 
features (that is, the key characteristics) should include the 
types of tolerance, tolerance limit, key characteristic changes 
of direction and tolerance value (that is, the change 
amount) .Therefore, the tolerance can be represented with 
extended generate directed graph, which is ordered five group 
elements G (KF, E, T, B, T, V). 
    Among them: KF is made up of the vertex set of key 
characteristics. E is to connect the vertex of arc, that is the 
relationship between key characteristics associated with 
tolerance set (including E tail said be the benchmark, E head 
said be the tolerance changes characteristics); T is for 
tolerance types, including the size tolerance of Td, shape 
tolerance (straightness Tb and flatness Tp, roundness Tc, 
cylindricity profile Tco, line  profile Tlo, surface profile Tpo) 
and location tolerance (parallel Tpa, verticality Tu, Ts, coaxial 
degree of Tca, symmetrical degrees for Ts, location Tl, round 
jump degrees Tcj, all dancing Tfj); B and T are for the 
tolerance properties, including tolerance type, size and 
values .As the key feature of tolerance, V limits the change 
direction. 
3.2. The key features of tolerance 
The tolerance of parts can be divided into the reference 
type and mutual reference type. Since the referential tolerance 
includes shape tolerance, and the mutual tolerance reference 
type contains the size tolerance and position tolerance. For the 
referential tolerance, the related geometric features only have 
one, with the benchmark be the characteristics of the ideal 
shape , producing change geometric feature is the actual shape 
of the characteristics. 
    For the mutual reference type, there are two types of 
geometrical characteristics, benchmark and variation. The 
referential tolerance and mutual referential tolerance directed 
graph representation are shown in Fig2. The nodes show the 
key characteristics of relevant tolerance in the graph 
representation. It shows the tolerance relationship between 
key characteristics. Among them the ends of arc presents the 
benchmark, and the heads show the variation of geometric 
feature. T is said as tolerance type. 
3.3. The tolerance properties 
Tolerance value has two kinds including unilateral and 
bilateral type. When expressing the tolerance properties, the 
two types of tolerance values will be showed respectively. 
Among them, the dimensional tolerance belongs to bilateral 
type, the shape and location tolerance type belong to the 
unilateral. Tolerance attribute expression is shown as follows: 
x First point Dimensional tolerance property P= (dimension, 
upper - deviation, lower -deviation) 
x Shape and location tolerance property P= ( deviation) 
3.4. Generalized directed graph vector 
In the reference frame, the corresponding changes in the 
key feature of unit vector V can be used to show the tolerance 
constraint direction. V is equal to (dx, dy, dz, dα,dβ, dγ). 
Among them, 
1dddddd 2222z
2
y
2
x   JED                       (1)               
    Where the dx, dy, dz, are said the translation component 
along the x, y, z direction respectively, and dα,dβ, dγ are said 
the rotation of the component around the x, y, z direction 
respectively. 
4. Building assembly tolerance based on directed graph 
The function of product geometry is accomplished by 
assembly of geometric part. The parts- parts assembly has a 
significant impact for the function of the final product 
geometry. And the geometry precision transmissions of parts-
parts are realized by assembling positioning. The positioning 
constraints for fabricated parts can say a bridge between the 
geometry precision of transmission parts. This article presents 
the assembly of parts-parts between positioning constraints, 
and according to the generalized directed graph, the assembly 
constraint relation model is establish for the function of 
tolerance design method. For example, the two parts assembly 
drawing and the tolerance representation model and according 
to the result of tolerance specification of directed graph are 
showed in Fig4: 
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Fig. 3: Two parts assembly drawing and its generalized directed graph 
5.  Case study 
Fig5 is a part drawing, and the tolerance related to key 
features has surface Aǃ Bǃ Cǃ Dǃ Eǃ FǃG, and hole 
feature H. 
 
 
Part1 
 
Part2 
Fig. 4: Part drawing and the tolerance distribution 
    Using figure sum operation, we can get the tolerance 
representation model of parts which are shown in fig6: 
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Fig.5: The process to set up part1 tolerance model based on the generalized 
directed graph 
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Fig.6: The process to set up part2 tolerance model based on graph 
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Table 1: The each tolerance of part1 can be shown in said .  
Tolerance 
Presentation Type Value Direction 
*$
7SD
 
Tpa 0.005 (0,0,1,0,0,0) 
'$
7G
 
Td (4,0.05.0.05) (0,0,1,0,0,0) 
+$
7O
 
Tl 0.1 (0,0,1,0,0,0) 
&$
7G
 
Td (15,0.05.0.05) (1,0,0,0,0,0) 
&$
7X
 
Tu 0.005 (1,0,0,0,0,0) 
$$
7S
 
Tp 0.005 (0,1,0,0,0,0) 
(&
7SD
 
Tpa 0.005 (1,0,0,00,0) 
*&
7G
 
Td 
(15,0.005,0.00
5) (0,1,0,0,0,0) 
,&
7G
 
Td (35,0.05,-0.05) (1,0,0,0,0,0) 
+&
7G
 
Td (7.5,0.5,-0.5) (1,0,0,0,0,0) 
+&
7O
 
Tl 0.1 (1,0,0,0,0,0) 
)&
7G
 
Td (18,0.05,-0.05) (1,0,0,0,0,0) 
))
7S
 
Tp 0.005 (0,1,0,0,0,0) 
 
Table 2: The each tolerance of part2 can be shown in said. 
Tolerance 
Presentation Type Value Direction 
$ϣ$ϣ
7S
 
Tp 0.005 (0,1,0,0,0,0) 
*ϣ$ϣ
7S
 
Td (15,0.05,-0.05) (0,1,0,0,0,0) 
*ϣ*ϣ
7F
 
 Tc (18,0.05,-0.05) (1,0,0,0,0,0) 
*ϣ*ϣ
7G
 
Td (4,0.04,-0.04) (1,0,0,0,0,0) 
 
Table3: The assembly tolerance model of two parts 
Tolerance 
Presentation Type Value Direction 
$ϣ$ϣ
7S
 
Tp 0.005 (0,1,0,0,0,0) 
*ϣ$ϣ
7S
 
Td (15,0.05,-0.05) (0,1,0,0,0,0) 
*ϣ*ϣ
7F
 
 Tc (18,0.05,-0.05) (1,0,0,0,0,0) 
*ϣ*ϣ
7G
 
Td (4,0.04,-0.04) (1,0,0,0,0,0) 
Table 4: The assembly tolerance model of two parts 
Assembly 
Tolerance  Type Tolerance Value Direction 
+$+ϣ
7X
 
Tu 0.1 (0,-1,0,0,0,0) 
+%+ϣ
7X
 
Tu 0.1 (1,0,0,0,0,0) 
+&+ϣ
7X
 
Tu 0.1 (-1,0,0,0,0,0) 
++ϣ
7G
 
Td 0.01 (0,1,0,0,0,0) 
 
6.  Conclusions 
The representing tolerance theory based on the general 
directed graph is presented. It puts forward the modeling 
method based on assembly tolerance of generalized directed 
graph. Firstly, building tolerance representation model, and 
then computing parts assembling tolerance model based on 
the graph .This method has the following features: 
     (1) It will be realized the directed graph representation of 
assembly tolerance; The process engineering of tolerance 
designing experience can be mapped to show tolerance 
representation model based on key characteristics and figure; 
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     (2) It also can be easily to establish the tolerance chain 
based on search algorithm of graph.      
Tolerance is introduced in this model in the direction of 
the unit vector said, which is advantageous to the error 
accumulation and tolerance analysis. It also exploits the 
relationships between design and process. For example, 
design dimensions can be represented as a design dimension 
tree that is directly correlated with a datum-hierarchy tree, 
which is a by-product of process planning. An ideal (optimal) 
datum-hierarchy graph is defined from a design tree and it in 
turn defines measures of process planning efficiency. These 
measures can be used to compare actual process plans and 
improve manufacturing processes. 
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